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a b s t r a c t
In this paper, we propose a regular perturbation method to obtain approximate analytic
solutions of exterior and interior Dirichlet problems for Laplace’s equation in planar
domains. This method, starting from a geometrical perturbation of these planar domains,
reduces our problems to a family of classical Dirichlet problems for Laplace’s equation
in a circle. Numerical examples are given and comparisons are made with the solutions
obtained by other approximation methods.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The fundamental Dirichlet problem for Laplace’s equation appears inmany areas of science and engineering. For example,
it plays a central role in electrostatics, gravitation, hydrodynamics, solid mechanics, and in some steady state phenomena.
Thewide bibliography existing on this subject makes impossible to compile even a very partial list of papers on the Dirichlet
problem. For this reason, since we consider the classical formulation of the aforesaid problems, we only cite two classic
textbooks [1,2].
We consider both the following plane interior Dirichlet problem
1u = 0, inΩ
u = f , on ∂Ω (1)
whereΩ ∈ R2 is a bounded domain,1 and f is a prescribed continuous function on the boundary ∂Ω , and the plane exterior
Dirichlet problem
1u = 0, inΩe
u = f , on ∂Ωe
lim|x|→∞ u(x) := u∞
(2)
where Ωe = R2 \ Ω¯ is the exterior of Ω , f now is a prescribed continuous function on the boundary ∂Ωe ≡ ∂Ω , and u∞
must be a finite real value.
∗ Corresponding author.
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1 Ω is an open connected region for which there exists some circle completely containingΩ in its interior.
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In this paper, we limit the analysis of problems (1) and (2) to the case in which the boundary ∂Ω ≡ ∂Ωe in polar
coordinates (r, θ) is expressed by the equation r = γ (θ). In these coordinates, the above problems assume the following
form ∂
2u
∂r2
+ 1
r
∂u
∂r
+ 1
r2
∂2u
∂θ2
= 0, 0 ≤ r < γ (θ)
u(r, θ) = f (θ), r = γ (θ), 0 ≤ θ ≤ 2π
(3)

∂2u
∂r2
+ 1
r
∂u
∂r
+ 1
r2
∂2u
∂θ2
= 0, r > γ (θ)
u(r, θ) = f (θ), r = γ (θ), 0 ≤ θ ≤ 2π
lim
r→∞ u(r, θ) ∈ R.
(4)
It is well known that, using the method of separation of variables, problems (1)–(2) have a solution in a closed form only
for very simple domains as a rectangle or a circle. For instance, ifΩ is a circle of radius R, the general solution of problems
(3)–(4) may be written in the form
u(r, θ) = a0
2
+
+∞−
n=1
 r
R
±n
(an cos nθ + bn sin nθ), (5)
where the positive (resp. negative) sign is used for the interior (resp. exterior) problem, and
an = 1
π
∫ 2π
0
f (θ) cos nθ dθ, n = 0, 1, 2, . . .
bn = 1
π
∫ 2π
0
f (θ) sin nθ dθ, n = 1, 2, . . .
(6)
are the Fourier coefficients of f (θ).
Generally,when the bounded domainΩ is not rectangular (in Cartesian or curvilinear coordinates), the solution cannot be
given in a closed form even when it exists. Then, many approximation methods have been developed for solving problems
(1)–(2), such as the finite difference and element methods ([3] and references therein), the boundary element and integral
methods ([4,5], and references therein), the collocation and Trefftz methods (see [6–8] and references therein), and so on.
Each of these methods has proper inherent advantages and disadvantages and the search for an easier and more accurate
method is a continuous and ongoing process.
It is well known that the perturbation theory is the collection of all methods used to obtain approximate solution to
problems that have no closed-form analytical solution (see [9,10] and references therein). Thesemethodswork by reducing a
hard problem to an infinite sequence of relatively easy problems that can be solved analytically. Generally, the perturbation
problems depend on a small positive parameter ε, and the perturbative method is said to be regular if the approximate
solution can be expressed as a power series in ε having a nonvanishing radius of convergence (see for instance [11–16]).
In this paper, a perturbation method is presented which supplies an approximate analytic solution of problem (1)
(resp. (2)), for any bounded domainΩ ‘‘sufficiently close’’ to a circle (e.g., µ ≪ 1 in (14)), which can always be supposed to
have unit radius. The proposed method reduces problem (1) (resp. (2)) to a suitable family F = {Pj}j of the Dirichlet interior
(resp. exterior) problems for Laplace’s equation in a circle. In particular, introducing a perturbation parameter ε related to
the geometry ofΩ (e.g., 0 ≤ ε ≤ µ in (15)), the approximate solution of (1) (resp. (2)) is obtained as a power series of ε, i.e.,
u0 + εu1 + ε2u2 + ε3u3 + · · · + εkuk + · · · (7)
where ε = µ and uj is the unique solution of the problem Pj.
The function
u˜ =
k−
j=0
µjuj,h, (8)
where uj,h is the sum of the first h terms of (5), is ‘‘sufficiently close’’to the exact analytic solution u of problem (1) (resp. (2))
in the sup norm, e.g.,
‖u− u˜‖C0(Ω¯) := max
Q∈Ω¯
|u(Q )− u˜(Q )| (resp. Ω¯e). (9)
We remark that both the approximate solution u˜ and the proximity criterion (9) depend on the integer indices h and k. Then,
using themaximum principle, we supply an upper estimate of the absolute erroru− k−
j=0
µjuj,h

Ωˆ
(10)
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for any choice of h and k. In (10), Ωˆ = Ω for the Dirichlet interior problem, and Ωˆ = Ωe for the Dirichlet exterior problem
(see (26)).
This paper is organized in three sections including the introduction. In Section 2, the proposed scheme iswidely described
for problems (1) and (2), and relations (9) and (10) are verified. In Section 3, some meaningful applications are presented
and comparisons are made with the solutions obtained by the Trefftz method in [8].
2. The perturbation method
In this section, we describe in detail the proposed perturbation method.
We consider the Dirichlet problems (1) and (2), which in polar coordinates (r, θ)
x = r cos θ, y = r sin θ, (11)
assumes form (3) and (4), respectively. In order to determine an approximate solution of these problems by a regular
perturbation method, we introduce a suitable circle C of radius R such that
R = max
θ∈[0,2π ]
γ (θ), for interior problem, (12)
R = min
θ∈[0,2π ] γ (θ), for exterior problem, (13)
where r = γ (θ) is the equation of ∂Ω ≡ ∂Ωe in polar coordinates.
Moreover, let µ be the following ratio
µ = 1
R
max
0≤θ≤2π
|R− γ (θ)|; (14)
then, we can introduce the family of smooth curves Γε depending on the perturbation parameter ε
Γε : r = ρ(θ, ε) := R+ ε γ (θ)− R
µ
, 0 ≤ ε ≤ µ, (15)
such that for ε = 0,Γ0 is the circumference of radius R, and for ε = µwe obtain Γµ = ∂Ω ≡ ∂Ωe.
Provided thatµ≪ 1, the perturbation method can be applied if the solution u(r, θ) in (3) and (4) is an analytic function
of the parameter ε. Then, if theorems of existence and uniqueness for problems (3) and (4) hold, these starting problems
reduce to solve a finite set of the Dirichlet planar interior and exterior problems for a circle C , with a suitable boundary and
asymptotic conditions for the solutions. In fact, if we search for the solution of (3) and (4) written as a power series of ε, i.e.,
u0(r, θ)+ εu1(r, θ)+ ε2u2(r, θ)+ ε3u3(r, θ)+ · · · (16)
then, due to the linearity of Laplace’s operator, when this series is introduced into Laplace’s equation and the coefficients of
the same powers of ε are collected, we obtain
∂2u0
∂r2
+ 1
r
∂u0
∂r
+ 1
r2
∂2u0
∂θ2

+

∂2u1
∂r2
+ 1
r
∂u1
∂r
+ 1
r2
∂2u1
∂θ2

ε +

∂2u2
∂r2
+ 1
r
∂u2
∂r
+ 1
r2
∂2u2
∂θ2

ε2 + · · · = 0. (17)
Further, the expansion of the solution u(r, θ) on any curve Γε , recalling that
∂nρ
∂εn = 0, for all n ≥ 2, writes
u(ρ(θ, 0), θ)+ ∂u
∂r
(ρ(θ, 0), θ)
∂ρ
∂ε
(θ, 0)ε + ∂
2u
∂r2
(ρ(θ, 0), θ)

∂ρ
∂ε
(θ, 0)
2
ε2
2!
+ ∂
3u
∂r3
(ρ(θ, 0), θ)

∂ρ
∂ε
(θ, 0)
3
ε3
3! + · · · . (18)
Introducing (16) in the above relation, the boundary condition of problem (3) (resp. (4)) becomes
u0(R, θ)+ εu1(R, θ)+ ε2u2(R, θ)+ ε3u3(R, θ)+ · · ·
+
[
∂u0
∂r
(R, θ)+ ε ∂u1
∂r
(R, θ)+ ε2 ∂u2
∂r
(R, θ)+ · · ·
]
∂ρ
∂ε
(θ, 0)ε
+
[
∂2u0
∂r2
(R, θ)+ ε ∂
2u1
∂r2
(R, θ)+ ε2 ∂
2u2
∂r2
(R, θ)+ · · ·
]
∂ρ
∂ε
(θ, 0)
2
ε2
2!
+
[
∂3u0
∂r3
(R, θ)+ ε ∂
3u1
∂r3
(R, θ)+ ε2 ∂
3u2
∂r3
(R, θ)+ · · ·
]
∂ρ
∂ε
(θ, 0)
3
ε3
3! + · · · = f (θ). (19)
We have now to collect in (19) the coefficients of the same powers of ε. Equating to zero each of these coefficients, we obtain
the boundary conditions of the family F int = {P intj }j (resp. F ext = {Pextj }j) of the Dirichlet interior (resp. exterior) problems
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for Laplace’s equation in the circle C of radius R (resp. in R2 \ C¯). The first problem allows us to determine the zero-order
coefficient of the development (16), the second problem supplies the first-order coefficient of (16), and so on. We remark
that the first problem is integrable since it coincides with the following interior Dirichlet problem for the circle C
P int0 :

∂2u0
∂r2
+ 1
r
∂u0
∂r
+ 1
r2
∂2u0
∂θ2
= 0, 0 ≤ r < R,
u0(R, θ) = f (θ), 0 ≤ θ ≤ 2π.
(20)
Moreover, all the other problems are integrable when the solutions of the previous ones is known. In fact, in the second step
we have
P int1 :

∂2u1
∂r2
+ 1
r
∂u1
∂r
+ 1
r2
∂2u1
∂θ2
= 0, 0 ≤ r < R,
u1(R, θ) = −∂u0
∂r
(R, θ)
∂ρ
∂ε
, 0 ≤ θ ≤ 2π,
(21)
and more generally to the i-th step, i ≠ 0, we face with the following problem
P inti :

∂2ui
∂r2
+ 1
r
∂ui
∂r
+ 1
r2
∂2ui
∂θ2
= 0, 0 ≤ r < R,
ui(R, θ) = −
i−1
j=0
1
(i− j)!
∂ i−juj
∂r i−j
(R, θ)

∂ρ
∂ε
i−j
, 0 ≤ θ ≤ 2π.
(22)
Owing to (5), the h-order approximation of the solution of each problem (22) of the family F int = {P intj }j is given by
uj,h(r, θ) = aj02 +
h−
n=1
 r
R
n
(ajn cos nθ + bjn sin nθ). (23)
Similarly, for the exteriors problems in the family F ext = {Pextj }j, we obtain
uj,h(r, θ) = aj02 +
h−
n=1
 r
R
−n
(ajn cos nθ + bjn sin nθ). (24)
Then, for ε = µ, function (16), in which we have introduced (23) (resp. (24)), supplies the approximate solution of the
original problem (3) (resp. (4)) in the form
u˜(r, θ) =
k−
j=0
µjuj,h(r, θ). (25)
If an existence and uniqueness theorem holds for the original problem (1) (resp. (2)) under suitable hypotheses, then for all
the problems of the family F int = {P intj }j (resp. F ext = {Pextj }j) an existence and uniqueness theorem still holds under the
same hypotheses. For instance, in all the numerical simulations in Section 3, we suppose that ∂Ω ∈ C2 and f ∈ C(∂Ω). It
is well known that these hypotheses are sufficient for the existence and the uniqueness of the solution both for the exterior
and the interior Dirichlet problem.
Finally, to verify (9) and (10), we can use a corollary of the maximum principle for planar harmonic function (see [2]).2
In fact, in view of (25), we obtain a stability estimateu− k−
j=0
µjuj,h

Ωˆ
≤ max
∂Ωˆ
u− k−
j=0
µjuj,h
 = max0≤θ≤2π |f (θ)− f˜ (θ)|, (26)
where Ωˆ = Ω for the Dirichlet interior problem, Ωˆ = Ωe for the Dirichlet exterior problem, and f˜ =∑kj=0 µjuj,h|∂Ωˆ with
∂Ωˆ = ∂Ω ≡ ∂Ωe.
Then, inequality (26) provides an upper estimate of the absolute error
E(r, θ) =
{|u(r, θ)− u˜(r, θ)|, 0 ≤ r ≤ γ (θ), 0 ≤ θ ≤ 2π}, for interior problem,
{|u(r, θ)− u˜(r, θ)|, r ≥ γ (θ), 0 ≤ θ ≤ 2π}, for exterior problem,
and themaximal absolute error
Emax = max
r,θ
E(r, θ) = max
0≤θ≤2π
|f (θ)− f˜ (θ)|, (27)
can numerically be evaluated. Finally, we remark that we can plot E and Emax versus h and k.
2 Suppose thatu is harmonic in a boundeddomainΩ and continuous on ∂Ω . Then,u satisfies the inequality |u(x)| ≤ max∂Ω |u| for everyx ∈ Ω. Similarly,
for the exterior problems, suppose that u is harmonic inΩe , bounded at infinity, and continuous on ∂Ωe . Then, u satisfies the inequality |u(x)| ≤ max∂Ωe |u|
for every x ∈ Ωe.
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Fig. 1. Simulation 1: Unit circle containing the ellipse (R = 1, µ = 0.05). Approximate solution u˜ = u˜(x, y).
Fig. 2. Simulation 1: The function |f (θ)− f˜ (θ)|0≤θ≤2π .
3. Numerical simulations
In this section, we propose some numerical simulations implemented by the notebooks LaplaceInt.nb and LaplaceExt.nb.
These programs have beenwritten by the softwareMathematica for solving problems (3) and (4), respectively. Moreover, for
some simulations we compare our results with those obtained by Trefftz collocation, and Galerkin methods in [8]. The plots
of this section are referred to Cartesian coordinates except for the function |f (θ)− f˜ (θ)|which refers to polar coordinates.
3.1. Interior Dirichlet problems
Simulation 1. We consider the interior Dirichlet problem (1) in the elliptic domain whose boundary has the following
equation (see Fig. 1)
γ (θ) = 19

1
361+ 39 sin2 θ , 0 ≤ θ ≤ 2π. (28)
Consider the harmonic function
u(x, y) = x− 2x3 − 6xy− 4x3y+ 6xy2 + 4xy3, (29)
which in polar coordinates becomes
u(r, θ) = r cos θ − 2r3 cos 3θ − 3r2 sin 2θ − r4 sin 4θ. (30)
This function is the solution of the Dirichlet problem whose boundary data can easily be obtained by inserting r = γ (θ)
into (30). In view of (12) and (14), we have R = 1, and µ = 0.05. By using the program LaplaceInt.nb for h = 4, k = 11, we
verify that the method supplies a function whose analytic expression differs from (30) for terms less than 10−14 order (see
Fig. 1).
In Fig. 2, we plot the function |f (θ) − f˜ (θ)|0≤θ≤2π ; moreover, by (27), we derive that the maximal absolute error Emax is
about 1.19 · 10−14.
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Fig. 3. Simulation 2: Circle of radius R = 6 containing the epitrochoid (µ = 1/3). Approximate solution u˜ = u˜(x, y).
Fig. 4. Simulation 2: The function |f (θ)− f˜ (θ)|0≤θ≤2π .
Simulation 2. We consider the interior Dirichlet problem (4) in the planar domain bounded by the epitrochoid curve of
equation
γ (θ) = √26− 10 cos 4θ.
The harmonic function
u(r, θ) = r2 cos 2θ, (31)
is a solution of the Dirichlet problem whose boundary data is obtained inserting r = γ (θ) into (31) (this example is taken
from [8]). Although in this case we have R = 6 andµ = 1/3, the method gives, for h = 3, k = 26, a function whose analytic
expression differs from (31) for terms less than 10−14 order (see Figs. 3 and 4).
In this case, both Galerkin, and Trefftz collocation methods present absolute error between 10−13 and 10−14 (see [8]).
3.2. Exterior Dirichlet problems
Simulation 3. We consider the Dirichlet problem (2) exterior to the domainΩ bounded by the curve of equation
γ (θ) = 1+ 1
10
sin2 5θ.
InΩe, we consider the harmonic function
u(x, y) = x
x2 + y2 , (32)
which is a solution of the exterior Dirichlet problem whose boundary data can easily be obtained expressing (32) in polar
coordinates and evaluating it on the boundary r = γ (θ). In view of (13) and (14), we have R = 1, andµ = 0.1. By using the
program LaplaceExt.nb for h = 1, k = 11, we verify that the method supplies a function whose analytic expression differs
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Fig. 5. Simulation 3: Internal contour shape of the exterior domain containing the unit circle (µ = 0.1). Approximate solution u˜ = u˜(x, y).
Fig. 6. Simulation 3: The function |f (θ)− f˜ (θ)|0≤θ≤2π .
from u(r, θ) = cos θr for terms of the order less than 10−14 (see Fig. 5). Fig. 6 is the plot of the function |f (θ) − f˜ (θ)|0≤θ≤2π
versus θ ; moreover, by (27), we derive that themaximal absolute error Emax is about 7.09 · 10−14.
Simulation 4. Finally, we consider the domainΩe exterior to the epitrochoid curve of equation
γ (θ) = √17− 8 cos 3θ.
InΩe we consider the harmonic function
u(x, y) = exp

x
x2 + y2

cos

y
x2 + y2

, (33)
which is a solution of the exterior Dirichlet problem whose boundary data can easily be obtained expressing (33) in
polar coordinates and evaluating it on the boundary r = γ (θ) (this example is taken from [8]). In this case we have
R = 3 and µ = 2/3. For h = 9, and k = 70, the method supplies a function whose analytic expression differs from
u(r, θ) = exp( cos θr ) cos sin θr for terms less than 10−12 order, whereas in [8] we have an absolute error about 10−10 (see
Fig. 7).
Fig. 8 shows the plot of the function |f (θ)− f˜ (θ)|0≤θ≤2π .
We remark that ifwe repeat all the above simulations for lowvalues of h and k, themethods give, as approximate solution,
a function which allows us to recognize the exact form of the solution. For instance, if in Simulation 2 we take h = 2 and
k = 3, we obtain u˜(r, θ) = 0.990644r2 cos 2θ.
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Fig. 7. Simulation 4: Epitrochoid curve as internal boundary containing circle of radius R = 3 (µ = 2/3). Approximate solution u˜ = u˜(x, y).
Fig. 8. Simulation 4: The function |f (θ)− f˜ (θ)|0≤θ≤2π .
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